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Abstract 
We determine all the possible geometric genera of curves of degree d in p,. which are not 
contained in any surface of degree <r + c1- 1 with 2 5 r - 2. We show that all geometric genera 
between 0 and nZ(dr r) (the Harris-Eisenbud bound) do in fact occur by simplifying the nodes of 
rational curves of large arithmetic genus lying on ruled rational surfaces. We also give a simple 
proof of the explicit simplification theorem that we need. @ 1999 Elsevier Science B.V. All 
rights reserved. 
A MS Clus.s$ic.ution: 14; 14H45; 14P25 
1. Introduction 
The determination of the possible genera of irreducible curves of degree d in pro- 
jective space pr is a classical problem in algebraic geometry. 
In 1870 Halphen gave an upper bound for the genus of an irreducible curve of 
degree d in 5’3, and in 1889 Castelnuovo found the analogous bound in pr. 
As the curves of high genus are contained in surfaces of small degree, it is natural 
to study the genera of curves which do not lie on surfaces of small degree. In 4 it is 
the classical question of Halphen solved by Gruson and Peskine [7]. 
Harris and Eisenbud [ 1 I] gave a bound x,(d, r) for the genus of curves of degree d 
in I?‘,. not contained in a surface of degree < r + u - 1 for CI I Y - 1. Chiantini et al. [3] 
have extended this bound to any c(. 
In this paper we determine all the possible geometric genera of curves which do not 
lie on surfaces of small degree: 
Theorem 1. Let c( 5 r - 2 and d > 3(r + CI - 1). Zf y is my integer 0 5 g 5 x,(d, r), 
then g is the geometric genus ~$‘a curve of’ degree d not contuined in a surface of 
dryrer <r + I - 1 in Pr. 
0022-4049/99/$ ~ see front matter @ 1999 Elsevier Science B.V. All rights reserved 
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The case a = 0 of this result is due to Tannenbaum [ 181 (see also [ 191). 
The classical theorem of Gruson and Peskine asserts that it is possible to find 
a smooth curve of any genus g 5 ~1 (d, 3) in 4. They also show that in some cases, 
contrary to Halphen’ assumption, this smooth curve cannot lie on a cubic surface. 
Therefore our curves which are on a cubic surface for Y = 3, CI = 1 cannot be smoothed 
on this surface. 
In higher dimensions the situation is even worse. Harris and Eisenbud found numbers 
d, Y such that there is no nodal, non degenerate curve of degree d and genus ~1 (d, r) 
in pY (see [ll, p. 1021). 
Our proof generalizes Severi’s classical study of plane curves. We use our explicit 
examples [ 171 of curves with many nodes on rational ruled surfaces. Then we simplify 
some nodes using an appropriate generalization of the following: 
Severi’s Theorem (1921). If the only singular points of a plane algebraic curve C 
are simple nodes (C is a “nodal” curve) then the simplifications of these nodes are 
independent. That means that if we choose arbitrary nodes of C, there exists a nodal 
curve of the same degree, close to C, with nodes close to the chosen nodes only. 
Brusotti observed in addition that any real node can be smoothed in two ways inde- 
pendently. He used this observation to give his famous constructions of real algebraic 
curves by the method of “small variations”. 
Gudkov generalized this result for curves with nodes and some cusps in the plane 
or on a smooth quadric surface [8-l 01. 
Tannenbaum also proved an analogous theorem for nodal curves on a (smooth) 
rational ruled surface [ 1 S-20]. 
We first give a simple proof of the following explicit generalization of these results: 
Theorem 2. Let F be a curve of degree d on a ruled rational surface S in projective 
space P,. Let us choose R smooth “fixed” points in F and assume that 
(i) The singular points of F are contained in the regular locus of S, and they are 
only nodes or ordinary cusps. 
(ii) On any component 5 of degree dj of F, let US denote by Kj the number of 
cusps and by Rj the number of “fixed” points. 
We suppose that they satisfy 
(*) Rj+Rj<b(S)dj, 
where b(S) depends only on S. 
Then the simphfications of the singular points of F are independent for curves 
containing the R “‘fixed” points. 
The hypotheses of Theorem 2 are not superfluous. Actually, there are many examples 
of curves such that the independence of the simplifications is not true. 
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Hartshorne and Harris have given examples of nodal curves on ruled surfaces which 
are not even smoothable [13, 121. Tannenbaum has shown similar examples on K3- 
surfaces [20]. C. Giacinti-Diebolt has given examples of plane curves with dependent 
ordinary multiple points [4]. And eventually Wahl did construct an example of a plane 
curve with dependent nodes and cusps [24]. 
There are also generalizations of this theorem for plane curves with some more 
complicated cusps by Viro and Shustin [23, 221, and for plane curves with ordinary 
triple points by Lindner [ 141. 
Greuel and Karras have developed a very general theory of deformations of curves 
with prescribed singularities [5] (see also [6]). 
Since our proof is simpler and more explicit it may be useful. 
Our method is the following: in the second section we recall some classical facts for 
curves on a rational ruled surface, like Bezout’s theorem and the dimension of some 
spaces of such curves. 
We prove our simplification theorem in the third section. For an irreducible curve 
we use the theory of linear series as in the classical proof. The general case follows 
easily. 
In Section 4, we conclude the proof of our main result. 
2. Some basic facts for curves on a rational ruled surface 
Definition of a scroll (Harris [12], and Semple and Roth [21]). A scroll $1 is the 
projective completion of the affine surface @k,[ parametrized by 
@(x,y)=(x,x2 )...) x’,y,yx )...) y&. 
There exist two rational normal curves contained in complementary subspaces of 
dimension k and 1 such that Sk,, is the union of the straight lines joining the corre- 
sponding points of these two curves. When kl > 0, &J is smooth. Every rational ruled 
surface is the projection of a scroll. Given any finite set of points on a scroll, it is 
possible to choose coordinates such that these points are contained in the affine surface 
@k,J. St.0 is the projective plane, St,, is a smooth quadric, Sk,/ is of degree m - 1 in 
Pm where m=k+l+l. 
An algebraic curve on a scroll is of type (d, b) if it is of degree d and intersects 
the general straight lines (X =x0) in b points. 
The following theorems are classical. 
B4zout’s Theorem for curves on a scroll (Semple and Roth [21, p. 2061). Two 
curves of types (d, h) and (d’, b’) on a scroll in P, intersect in no more than 
db’ + bd’ - (m - 1)bb’ points unless they have a common component. 
Theorem. The arithmetic genus of a curve of type (d, b) on a scroll in Pm is 
pa = (b - 1)(2d - (m - 1 )b - 2)/2. 
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Theorem (The genus formula). For any curve we huue 
where g is the geometric genus, und 6 is the number of double points (correctly 
counted). When the curve has only N nodes und K cusps then 6 = N + K. 
We shall need also the following result: 
Proposition. The set of curves of type (d, b) on u scroll of IJ’m is an open set in 
u projective space P of dimension: 
dim(P) + I = (b + 1)(2d - (m - 1)b + 2)/2. 
Proof. We can suppose 12 k. Let C aiixiyj = 0 be the equation of a curve of type 
(d, b) in the coordinates (x, y). Using the fact that the degree of a curve is the number 
of its points on a generic hyperplane we get 
(#> 
i+(l-k)j<d-kb 
j<b 
Thus, the number of such monomials is given by 
h 
dim(P)+1=~(d-kb-(1-k)j+1)=(b+1)[(d-kb)-(l-k)b/2+1], 
j=O 
which is the announced result. We also notice that b 5 d/max(k, 1). 0 
The following lemma will be useful: 
Lemma. Let C and C’ be curves of types (d, b) and (d’, b’) on u scroll S. Let PO 
be a point where C und C’ are smooth and intersect transversally. Then there exists 
a curve of type 5 (d + A’, b + b’) containing all the points of intersection of C and 
C’ but po. 
Proof. Let po = (x0, ~0). Since C(XO, yo) = 0 and C/(x0, yo) = 0 we can write 
C(x,y)=A(x,y).(x-xo)+B(x,y).(y-yo), 
C'(x,y)=A'(x,y).(x-xo)+B'(x,y).(y-YO). 
Consider the following system of linear equations in the unknowns X, Y: 
A(x,y).X+B(x,y).Y=O, 
A’(x,y).X+B’(x,y).Y=O. 
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Let E(x, u) = AB’ - BA’. For any point (x, v) of C n C’ - po this linear system has 
a non trivial solution hence E(x, y) = 0. Moreover, E(xo, ~0) # 0 since the tangents at 
pa have non-proportional equations. 0 
3. Proof of Theorem 2 
Let S be a fixed scroll, and F be a curve of type (d,b) on S having as only singular 
points N nodes and K cusps at finite distance. We shall identify the curves of type 
(d,h) on S with an open set of the projective space of plane curves P described in 
the preceding paragraph. If F is a plane curve we can suppose b = d. 
The following facts are classical consequences of the implicit function theorem 
(cf. 12, 8, 91). 
The set of curves close to F and having a node close to a node a, of F is a smooth 
hypersurface of P. Its tangent hyperplane at the “point” F is the set of polynomials H 
such that H(a;)=O. 
The set of curves close to F and having a cusp close to a cusp e,, of F is a codimen- 
sion two subvariety of P. Its tangent space at the “point” F is the set of H such that: 
i 
H(c,,) = 0, 
F,.,.(c,, ) We,, > - Fide,, ) . H,.(e,, > = 0. 
If these tangent spaces intersect transversely, then the set of curves having nodes 
near N’ of a,‘s and cusps near K’ of e,,‘s is a smooth subvariety of P of dimension 
dim(P) - N’ - 2K’. 
Hence the theorem follows from the following: 
Proposition. Let F be u curue on a scroll S = Sk., in PM, (m = 1 + k + 1 ), haoing K 
ordinary cusps e,, und N nodes a; at jnite distance, and no other singulur point. Let 
us choose R other points c,, on F. 
Let us suppose that on euch component F; of degree di of F there ure Ki cusps 
und R; points c,, such that 
(*) K, + R; <b(S)d;, 
v,herr b(S) = 2 - ((k + I - 2)/max(k, I)). Then the system of N + 2K + R linear ryuu- 
tions fur the coc$ficients of the curc’e H E P: 
H(a) = 0, 
(0) 
H(q,)=O, 
F’,,.(e,,) Me,,) - F,.dqJ. We,) = 0, 
H(q,) = 0. 
is linrurly independent. 
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Proof. (1) Let us suppose F rational. Let E be the vector space of coefficients for the 
equations of the curves in P. Let T = dim(E) -N - 2K -R. Since N + K = p,(F) = 
(b - 1)(2d - (m - 1)b - 2)/2 we have 
T > dim(E) - p,(F) - b(S)d = (m - 3) 
d 
max(k, I) 
-b 20. 
> 
Thus, we can choose T new points on S such that pl E F,. . . , pT_] E F, pT $ F, 
Let H E E be a non trivial polynomial satisfying N + 2K + R - 1 equations of the 
system (0) plus the T equations H(pi)=O. 
Suppose that the last equation of the system (0) is a consequence of the preceding 
ones. Then the number of intersections of H and F is at least 
2N+3K+R+T-l=dim(E)+p,(F)-1>2db-(m-1)b2 
which is absurd by B&out’s theorem. 
(2) Let us suppose F irreducible of geometric genus g 2 1. In this case we follow 
the classical proof of Gudkov, using the theory of linear series on F ([lo], see also 
Walker’s book [25]). 
Let Pi be the 2N branches of F at the nodes, Qp the branches at the cusps and R, 
the branches of R at the “fixed” points c~. Consider the cycle 
Let g,’ be the residue of the linear series cut out by the curves of P on F with respect 
to the cycle C. By the Bezout’s theorem for curves on a scroll, the order n of g: is 
n=2db-(m-l)b2-2N-3K-R 
and by the genus formula 
n>2db-(m- l)b2 -(b- 1)(2d-(m- l)b-2)+29-K-R, 
n>2g-2+2d-(m-3)b-K-R, 
and since b 5 d/max( I, k) we get 
n>2g-2+b(S)d-K-R. 
Assuming (*) we get n > 2g - 2 and n > 0, hence g,’ is a complete non special series, 
and then by Riemann’s theorem (cf. [25, p. 1851) we have Y = n - g. 
Let the dimension of the system of curves satisfying equations (0) be equal to Y’. 
Since there is a unique curve in P containing C as a component, we have r = r’ - 1 
by the definition of Y (cf. [25, p. 1641). Hence Y’ = r + 1 = n - g + 1. 
Since we have also: dim(P) = 2db - (m- 1 )b2 - pa + 1, we finally get Y’ = dim(P) - 
N - 2K -R. This finishes the proof in the irreducible case. 
(3) Let us suppose F =fi Ufi, and that the theorem is true for F, and F2. 
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F has ordinary nodes at Fl n F2. Let us write the equations (0) for F in the following 
order: first the equations corresponding to the points of FI f1F2 then the equations 
corresponding to the particular points of F, and F2. To see the independence of this 
system of equations it is enough to check that no equation is a consequence of the 
preceding ones. For the equations concerning points of F, n Fx this follows from the 
lemma. For the equations concerning special points of fi not on F2, let us simply 
consider the product F2. H where H satisfies all the conditions (0) for Fl except one. 
It is easy to verify that this chosen condition is not a consequence of the preceding 
ones since it is the first condition not satisfied by the polynomial F?. H. 17 
4. Proof of Theorem 1 
Harris and Eisenbud have given bounds rc,(d, r), x < Y - 1 for the genus of a curve 
of degree d > do not contained in any surface of degree <Y + r - 1 in P,.. Let 
(6 l)=nz,(l-+a- l)+c,, O<e,<r+cc- I 
If xsr -2 then 
nr(d, r) = 
( > 
“2’ (rfl- l)+m,(c,+x)+V, 
where V? = max(O, [(x - Y + 2 + e,)/2] ). 
We shall use the examples of rational curves constructed in [ 17, pp. 301, 3041 
Example 1. If F, = 0 or 8Y > Y - 2 - 2; there exists a rational nodal curve with arith- 
metic genus pa = nx(d, r) - h,,, + h, 
0 I h 5 h,,, = m,a + v, 
This curve is the projection of a nodal curve with n,(d, r) - h,,, nodes on a scroll 
&,,._,_,; and 2h points are identified in pairs by this projection. This curve is not on 
a surface of degree <r + x - 1. 
To get our result we shall simplify an arbitrary number of nodes on the scroll, 
keeping the 2h points fixed. The geometric genus being decreased by one after the 
simplification of one node, we get irreducible curves of arbitrary genus 9 5 n,(d,r). 
We only need to check that 2h <b(S) d. 
Since 2h < (2m, + 1)x. m, < ((d - I )/(r + x - 1)) this is a consequence of 
r-3 
max(2x,r-a- 1) ) 
d 
which is true since d 2 2(x + 3) and 
r-3 2 3 
max(2r,r-a- 1) 
+ 
rtr-1 
< -. 
2 
In the case a, 5 r -- 1 we have to use another rational curve. 
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Example 2. There exists in P,. a rational curve of arithmetic genus: 
This curve is the projection of a nodal curve with zJd,r) - h,,, nodes on a scroll 
SL--l,l. In this projection m, groups of hl + 1,. . . , hmz + 1 points at finite distance are 
mapped to m, points, and also E, + 1 points at infinity are projected to the same point 
at infinity. 
As in the first case we simplify the nodes of the curve on the scroll keeping fixed 
the points at finite distance which are identified by the projection. Here we get curves 
of arbitrary geometric genus C, 5 ,q 5 q(d,r). To finish the proof it is sufficient to 
prove that there exist curves of small geometric genera y < r - 1. But this is easy by 
projecting injectively curves on a scroll. 0 
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